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ABSTRACT
We demonstrate that the generic charged rotating regular black hole solutions of
general relativity coupled to non-linear electrodynamics, obtained by using the alternate Newman-Janis algorithm, introduces only small (on level 10−2 ) inconsistency
in the behaviour of the electrodynamics Lagrangian. This approves application of
these analytic and simple solutions as astrophysically relevant, sufficiently precise
approximate solutions describing rotating regular black holes.
Keywords: nonlinear electrodynamics – regular black holes – Newman-Janis algorithm

1

INTRODUCTION

Starting by the Bardeen geometry (Bardeen, 1968), regular black hole solutions attract extended attention till present times. A special focus is devoted to the regular black hole
solutions in general relativity combined with the nonlinear electrodynamic models (Hayward, 2006; Ayón-Beato and Garcı́a, 1998; Neves, 2015). The spherically symmetric solutions were studied in variety of works (Bronnikov and Fabris, 2006; Stuchlı́k and Schee,
2015), recently generic black hole solutions of general relativity coupled to the Born-Infeld
electrodynamics were introduced in (Fan and Wang, 2016) that could cover many of the
previously introduced solutions. The rotating regular black hole solutions are usually generated by the Newman-Janis algorithm (NJA) (Newman and Janis, 1965), or by its modification (Azreg-Aı̈nou, 2014). The modified NJA was applied in the case of the generic
rotating charged black holes in (Toshmatov et al., 2017). However, an inconsistency related to the behaviour of the Lagrangian of the nonlinear electrodynamics has been noticed
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in (Rodrigues and Junior, 2017). Here we shortly estimate this inconsistency and its implication on the relevance of the generic rotating regular solutions presented in (Toshmatov
et al., 2017).

2

INCONSISTENCY OF THE GENERIC ROTATING BLACK HOLE
SOLUTION IN (TOSHMATOV ET AL., 2017)

In the paper (Toshmatov et al., 2017) we had recently obtained the following solution which
is one of the possible candidates for the rotating regular black hole solution of general relativity coupled to nonlinear electrodynamic field, converting the spherically symmetric regular black hole solution (Fan and Wang, 2016) by using the alternate NJA. The spacetime
geometry of this solution reads
ds2 = − 1 −

!
Σ
2ρr
2ρr
dt2 + dr2 − 2a sin2 θ
dφdt
Σ
∆
Σ

+ Σdθ2 + sin2 θ

(r2 + a2 )2 − a2 ∆ sin2 θ 2
dφ ,
Σ

(1)

with
Σ = r2 + a2 cos2 θ,

2ρ = r(1 − f ),

∆ = r f + a = r − 2ρr + a2 .
2

2

2

(2)

where ρ is the mass function which depends on radial coordinate and electrodynamic field
parameters and f is determined by the spherically symmetric class of solutions of the theory. These solutions can take the form of the Bardeen-like, Hayward-like, and Maxwelllike spacetimes. The generic solution (1) had been obtained analytically and it satisfies the
Einstein equations in the tetrad frame – see (Toshmatov et al., 2017) for details. However,
the NJA does not always lead to true precise solutions of the whole set of field equations
of the theory under consideration, i.e, the energy-momentum tensor of the rotating regular
black hole solution generated by the NJA is not exactly fulfilling the equations of nonlinear electrodynamics in some cases, as explicitly demonstrated in (Toshmatov et al., 2017;
Rodrigues and Junior, 2017).
In the case of the nonrotating black holes with total magnetic charge Qm , considered in
nonlinear electrodynamics, the Lagrangian density of the nonlinear electrodynamic field is
defined in terms of ρ as (Fan and Wang, 2016)
L =

4ρ0
,
r2

LF ≡

∂L
r2 (2ρ0 − rρ00 )
=
.
∂F
2Q2m

(3)

where the electromagnetic field strength is F = 2Q2m /r4 . As a rule, introduction of the
rotation parameter by the NJA must change the form of the Lagrangian density (3), and the
gauge of the field as well. The new gauge can be easily found (for details – see (Toshmatov
et al., 2017)). However, we cannot apply the NJA directly to (3). The only way to find
the Lagrangian density of the rotating black hole in nonlinear electrodynamics, is to solve
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the Einstein field equations, Gµν = T µν , with respect to L and LF in the background (1).
Here, the energy-momentum tensor of the nonlinear electrodynamic field is given by
T µν = 2

LF Fµα Fνα

!
1
− gµν L ,
4

(4)

Thus, the Einstein equations give five independent equations with two unknowns L and
LF , which cannot be solved simultaneously. Therefore, in the paper (Toshmatov et al.,
2017) we had not solved the whole set of equations, instead, we solved just three of them
simultaneously, and obtained the expressions for L and LF in the form
L =



r2 15a4 − 8a2 r2 + 8r4 + 4a2 (5a2 − 2r2 ) cos 2θ + 5a4 cos 4θ ρ0
2Σ4

8a r cos θρ
,
Σ3
2
2
2
2(r − a cos θ)ρ0 − rΣρ00
,
LF =
2Q2m
+

2 3

2

00

(5)
(6)

where the electromagnetic field strength F in the rotating case takes the following form (Toshmatov et al., 2017)
F=

Q2m [a4 (3 − cos 4θ) + 4(6a2 r2 + 2r4 + a2 (a2 − 6r2 ) cos 2θ)]
.
4Σ4

(7)

In the nonrotating limit, a = 0, we recover the expressions (3). Obviously, these obtained
expressions of L , Eq. (5), and LF , Eq. (6), do not exactly satisfy the remaining two
equations. Therefore, as it has been shown in the paper (Rodrigues and Junior, 2017), the
total derivative of L with respect to F is not equal to LF . The difference can be written as
∆LF = LF −

∂L
∂L ∂r ∂L ∂θ
≡ LF −
−
, 0.
∂F
∂r ∂F
∂θ ∂F

(8)

However, we are able to demonstrate explicitly that the values of LF and ∂L /∂F are
very close and thus, the remaining equations can be considered as being approximately
fulfilled, as the value of ∆LF is close to zero. In Fig. 1 we present the radial profile of this
difference, ∆LF , for the typical values of the Bardeen-like, Hayward-like and Maxwelllike rotating regular black holes. One can see from Fig. 1 that the inconsistency in the
rotating regular black hole solution is very small, on the level of 10−2 . Therefore, our
results can be considered in the same spirit as many results obtained in relation to the
so called dirty Kerr-like spacetime metrics, where the relation to the mass stress energy
tensor is not considered at all, but the results are considered as relevant for estimations of
the astrophysical phenomena related to uncharged matter. Of course, in the case of the
behaviour of charged matter in the charged rotating regular black hole backgrounds, we
have to be very careful due to the small inconsistency related to the electrodynamic part of
the theory.
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Figure 1. Plot illustrates a change of difference (estimation of inconsistency) ∆LF = LF − ∂L /∂F
with the radial coordinate r at the equatorial plane of the rotating regular black holes presented
by Toshmatov et al. (2017) for q = 1, a = 0.5.

3

CONCLUSION

In general situations, for generic regular charged black hole spherically symmetric solutions of general relativity combined with the nonlinear electrodynamics, it is very difficult
to find corresponding rotating black hole solutions in an analytic and fully precise form.
Probably, the exact and consistent solutions could be constructed only by numerical procedures. However, the generic rotating charged black hole solutions obtained by using the
alternate NJA in (Toshmatov et al., 2017) are analytic and simple solutions that are precise
enough for exploring such solutions in astrophysical situations involving uncharged matter.

ACKNOWLEDGEMENTS
This work is supported by the internal student grant of the Silesian University (Grant No.
SGS/14/2016) and the Albert Einstein Centre for Gravitation and Astrophysics under the
Czech Science Foundation (Grant No. 14-37086G).

REFERENCES
Ayón-Beato, E. and Garcı́a, A. (1998), Regular Black Hole in General Relativity Coupled to Nonlinear Electrodynamics, Phys. Rev. Lett., 80, pp. 5056–5059, arXiv: gr-qc/9911046.
Azreg-Aı̈nou, M. (2014), Generating rotating regular black hole solutions without complexification,
Phys. Rev. D, 90(6), 064041, arXiv: 1405.2569.
Bardeen, J. (1968), in Proceedings of GR5, p. 174, Tbilisi, USSR.

yä ä ä äy

Notes on generic rotating charged regular black holes

199

Bronnikov, K. A. and Fabris, J. C. (2006), Regular Phantom Black Holes, Phys. Rev. Lett., 96(25),
251101, arXiv: gr-qc/0511109.
Fan, Z.-Y. and Wang, X. (2016), Construction of regular black holes in general relativity, Phys. Rev.
D, 94(12), 124027, arXiv: 1610.02636.
Hayward, S. A. (2006), Formation and Evaporation of Nonsingular Black Holes, Phys. Rev. Lett.,
96(3), 031103, arXiv: gr-qc/0506126.
Neves, J. C. S. (2015), Note on regular black holes in a brane world, Phys. Rev. D, 92(8), 084015,
arXiv: 1508.03615.
Newman, E. T. and Janis, A. I. (1965), Note on the Kerr Spinning-Particle Metric, J. Math. Phys., 6,
pp. 915–917.
Rodrigues, M. E. and Junior, E. L. B. (2017), Comment on ”Generic rotating regular black holes in
general relativity coupled to non-linear electrodynamics”, Phys. Rev. D, in press.
Stuchlı́k, Z. and Schee, J. (2015), Circular geodesic of Bardeen and Ayon-Beato-Garcia regular blackhole and no-horizon spacetimes, Int. J. Mod. Phys. D, 24, 1550020, arXiv: 1501.00015.
Toshmatov, B., Stuchlı́k, Z. and Ahmedov, B. (2017), Generic rotating regular black holes in general
relativity coupled to nonlinear electrodynamics, Phys. Rev. D, 95(8), 084037, arXiv: 1704.07300.

yä ä ä äy

